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Abstract
Statistical tests are needed to determine experimentally whether a theory based on
local realism can be an acceptable alternative to quantum mechanics. The \strength" of
a particular Bell inequality is measured by the smallness of the number of trials that are
necessary to reach such a conclusion. Various versions of Bell’s inequality are compared
from this point of view.
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Bell inequalities are upper bounds on the correlations of results of distant measure-
ments. These inequalities are obeyed by any local realistic theory, namely a theory that
uses local variables with objective values. Since Bell’s original discovery [1], many inequal-
ities of that type have been published, with various claims of superiority. The purpose of
this Letter is to compare their relative strengths.
A simple measure of strength, which has been used by some authors, is the following:
if an inequality reads hCi  a, where a is a xed number, and if a quantum mechanical
state gives hCi = b, with b > a, then the dierence b − a, or the ratio b=a, measures the
strength of the inequality. However, this simple denition is not invariant under a linear
transformation of the variable C, and a more serious criterion is needed.
In actual experimental tests, there are no innite ensembles for accurate measurements
of hCi. Only a nite number of trials are available for deciding whether a hypothetical
theory based on local realism is an acceptable alternative to quantum mechanics. Typ-
ically, in such a test, quantum mechanics predicts that the average result of N trials is
nn, and an alternative theory predicts mm. If these two values are well separated,
namely jn−mj  n+ m, we have a clear distinction between the two competing the-
ories. The strength of a particular form of Bell’s inequality is measured by the number
of trials needed for achieving this result. A \strong" inequality requires fewer trials to be
tested.
Consider two correlated quantum systems, far away from each other. An observer,
located near one of the systems, has a choice of several yes-no tests, labelled A1, A3, A5,
etc. Likewise, another observer, near the second system, has a choice of several yes-no
tests, B2, B4, B6 . . . Let p(AiBj) denote the probability that tests Ai and Bj give the
same result (both \yes" or both \no"). It was shown long ago by Clauser, Horne, Shimony,
and Holt (CHSH) [2] that local realism implies
p(A1B2) + p(B2A3) + p(A3B4)  p(A1B4): (1)
(In the original paper [2], this equation was written in terms of correlations, namely 2p−1,
but it is much simpler to use probabilities, as here.)
More generally, Braunstein and Caves [3] derived chained Bell inequalities that can be
written
p(A1B2) + p(B2A3) +   + p(A2n−1B2n)  p(A1B2n): (2)
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There are (n!)2 independent inequalities of that type, obtainable by relabelling the various
Ai and Bj . Local realism guarantees that all these inequalities are satised.
Consider the familiar example of a pair of spin- 1
2
particles in the singlet state. Each
observer can measure a spin component along one of n possible directions, as illustrated in
Fig. 1. Braunstein and Caves considered only conguration (a), where the angle between
consecutive directions is  = =2n. For the alternative conguration (b), we have  =
=(2n − 1). In both cases, quantum theory predicts that each one of the probabilities
on the left hand side of Eq. (2) is q = (1 − cos )=2. The probability on the right hand
side is either 1 − q, for conguration (a), or 1 for conguration (b). These are denite
predictions of quantum theory. They manifestly violate Eq. (2).
What could be the predictions of an alternative theory, based on local realism? These
predictions have to satisfy Eq. (2). The closest they can approach quantum theory is
when in the latter equation equality holds. Moreover, it is reasonable to assume that all
the terms on the left hand side are equal (this follows from rotational symmetry). Let p
be their common value. For conguration (a) in Fig. 1, the right hand side of Eq. (2) has
to be 1− p (again, because of rotational symmetry and because the spin projection along
2n is opposite to that along  = 0). For conguration (b), it is natural to assume for
the right hand side p = 1, namely perfect correlation, just as we had q = 1 according to
quantum theory. There is then no need of measuring p(A1B2n), since both theories agree
on this point and such a test would not help distinguishing between them (in this Letter,
it is assumed for simplicity that all detectors have perfect eciency).
It thus follows from Eq. (2) that in a local realistic theory, which mimics as closely as
possible quantum mechanics, we have (2n−1)p = 1−p, whence p = 1=2n, for conguration
(a) in Fig. 1, and (2n − 1)p = 1 for conguration (b). In both cases p = =, where 
is the angle between consecutive rays. This is indeed the result obtainable from a crude
semi-classical model, where a spinless system splits into two fragments with opposite
angular momenta [4]. Quantum theory, on the other hand, predicts for the same angle 
a probability q = (1− cos )=2 that both observers obtain the same result.
We thus have now denite predictions, from quantum theory and from an alternative
local realistic theory. To distinguish experimentally between these two claims, we test N
pairs of particles prepared in the singlet state. We then expect a binomial distribution
of results centered around Nq or around Np, corresponding to quantum theory or local
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realism, respectively. The expected dispersions of these binomial distributions are [Nq(1−
q)]1=2 and [Np(1−p)]1=2. The test is conclusive if the distance between the peaks is much
larger than their widths:








The lowest value of N is obtained for  = 20, namely a conguration of type (b) with
n = 5. We then have N  35:9. The standard CHSH inequality, a type (a) conguration
with n = 2 and  = 45, gives N  57:7. The conguration recently proposed by
Ardehali [5], namely type (b) with n = 2 and  = 60, gives N  118:8.
The above calculations were for pairs of spin-1
2
particles in the singlet state. Similar
results hold for maximally entangled polarized photons, except that all angles should be
halved. Other types of correlated quantum systems can be examined in the same way.
In summary, the \strength" of a Bell inequality is measured by its ability to distinguish
quantum theory from hypothetical local realistic theories. This strength depends not only
on expected average values, but also on the corresponding dispersions.
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FIG. 1. Two congurations for chained Bell inequalities: there are n alternative directions
along which each observer can measure a spin projection.
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